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The model

Let pSnqn¥0 be the d-dimensional simple random walk,
pωxqxPZd be iid random fields with mean 0 and finite exp moments.
The d-dim Wiener sausages in disordered systems with RN :� |RN |,
RN :� tSr1,Nsu

HN :�
¸
xPZd

pβωx � hq 1xPRN

β ¥ 0, h ¡ 0.

dPωN,β,h
dP

pSq :� 1

ZωN,β,h
exp

� ¸
xPZd

pβωx � hq1xPRN



,

ZωN,β,h :� E

�
exp

� ¸
xPZd

pβωx�hq1xPRN


�
� E

�
exp

�
β
¸

xPRN

ωx�h|RN |

�
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Endpoint-fluctuation exponent

We now wish to understand the typical behavior of polymer trajectories
pS0, . . . ,SNq under the polymer measure PωN,β,h. Two important quantities
that we are interested in are

the endpoint exponent ξ, loosely defined as EEωN,β,h|SN | � Nξ;

the fluctuation exponent χ, loosely defined as
| logZN,β,h �ErlogZN,β,hs| � Nχ.
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ZωN,β,h :� E

�
exp

� ¸
xPZd

pβωx�hq1xPRN


�
� E

�
exp

�
β
¸

xPRN

ωx�h|RN |

�

If β � 0 and h ¡ 0, then we recover a random walk penalized by its range.
This model is by now quite well understood: the random walk folds itself
in a ball of radius N1{pd�2q (ξ � 1

d�2), see DV79,Bolt94,BC18,DFSX18
(these works mostly focus on the case of dimension d ¥ 2).
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ZωN,β,h :� E

�
exp

� ¸
xPZd

pβωx�hq1xPRN


�
� E

�
exp

�
β
¸

xPRN

ωx�h|RN |

�

If β ¡ 0 and h � 0, then we obtain a model for the range in the random
environment from Huang19. We will see that it is indeed the case in
dimension d � 1, where we find that the random walk stretches up to a
distance N2{3 (ξ � 2

3) as predicted in Huang19.
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Transition: folding and stretching

HN :�
¸
xPZd

pβωx � hq 1xPRN

folded phase (h ¡ 0, β � 0) v.s. unfolded phase (h � 0, β ¡ 0)
Consider parameters β and h that depend on the size of the system, i.e.
β :� βN and h :� hN .
There are then some sophisticated balances between the energy gain, the
range penalty and the entropy cost as we tune βN and hN .
We set

βN :� β̂ N�γ , and hN :� ĥ N�ζ , (1)

where γ, ζ P R describe the asymptotic behavior of βN , hN , and β̂, ĥ ¡ 0
are two fixed parameters.
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Assumption

Our main assumption on the environment is that ωx is in the domain of
attraction of some α-stable law, with α P p0, 2s, α � 1. More precisely, we
make the following assumption.
If α � 2 we assume that Erω0s � 0 and Erω2

0s � 1. If α P p0, 1q Y p1, 2q
we assume that Ppω0 ¡ tq � p t�α and Ppω0   �tq � q t�α as t Ñ8,
with p � q � 1 (and p ¡ 0). Moreover, if α P p1, 2q, we also assume that
Erω0s � 0.
Let us stress that assumption ensures that:

if α � 2, then ωi is in the normal domain of attraction, so that
p 1?

n

°vn
i�un ωi qu¤0¤v converges to a two-sided (standard) Brownian

Motion.

if α P p0, 1q Y p1, 2q, then ωi is in the domain of attraction of some
non-Gaussian stable law and p 1

n1{α

°vn
i�un ωi qu¤0¤v converges to a

two-sided α-stable Lévy process.
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Enery, range, entropy

log Pp|RN | � Nξq � log P
�

max
1¤n¤N

|Sn| � Nξ
	
�
#
�N2ξ�1, if ξ ¥ 1

2 ,

�N1�2ξ, if ξ ¤ 1
2 .

(2)
If ξ ¡ 1{2, this corresponds to a “stretching” of the random walk, whereas
when ξ   1{2, this corresponds to a “folding” of the random walk.
Then, if the endpoint fluctuations are of order Nξ (|RN | � Nξ), we get
under Assumption, and in view of (1), that

βN
¸

xPRN

ωx � N
ξ
α
�γ , hN |RN | � Nξ�ζ . (3)

If endpoint fluctuations are of order Nξ, we have that

logZωN,βN ,hN � N
ξ
α
�γ � Nξ�ζ �

#
N1�2ξ if ξ ¤ 1{2 ,
N2ξ�1 if ξ ¥ 1{2 . (4)
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There are three main possibilities:

(i) there is a “disorder”-“entropy” balance (and the “range” term is
negligible);

(ii) there is a “range”-“entropy” balance (and the “energy” term is
negligible);

(iii) there is a “range”-“disorder” balance (and the “entropy” term is
negligible).

To summarize, all three regimes can occur (depending on γ, ζ) if
α P p1, 2s; on the other hand, regime (iii) disappears if α P p0, 1q, and
regime (i) disappears if α P p0, 12q. We now determine for which values of
γ, ζ one can observe the different regimes above: we consider the three
subcases α P p1, 2s, α P p12 , 1q and α P p0, 12q separately.
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Phase diagram for α P p0, 1
2q

ζ

γ

p 12 ,
1�α
α q

R1

p0, 1�α
α q

R3

p�1, 1
α � 2q

R5

R6

γ � ζ � α�1
α

R1 : ξ � 1
2

R3 : ξ � 1

R5 : ξ � 1�ζ
3

R6 : ξ � 0

Figure: Phase diagram in the case α P p0, 1{2q. Compared to Figure 2, the region R2 no
longer exists.
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Phase diagram for α P p1
2 , 1q

ζ

γ

p 12 ,
1
2α q

R1

γ � p2α�1qζ�pα�1q
α R2

p0, 1�α
α q

R3
p�1, 1

α � 2q

R5

R6

γ � ζ � α�1
α

R1 : ξ � 1
2

R2 : ξ � α
2α�1 p1 � γq

R3 : ξ � 1

R5 : ξ � 1�ζ
3

R6 : ξ � 0

Figure: Phase diagram in the case α P p1{2, 1q. Compared to Figure ??, the region R4

no longer exists.
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ζ

γ

p 12 ,
1
2α q

R1

γ � p2α�1qζ�pα�1q
α

R2

p0,�α�1
α q

R3

p�1,�1q

γ � p2α�1qζ�pα�1q
3α

R5

R6

R4

γ � ζ

γ � ζ � α�1
α

R1 : ξ � 1
2

R2 : ξ � α
2α�1 p1 � γq

R3 : ξ � 1
R4 : ξ � α

α�1 pζ � γq

R5 : ξ � 1�ζ
3

R6 : ξ � 0

Chien-Hao Huang (NCCU) 1DSpeed Jan 17 2022 13 / 28



Diffusive region

Theorem (Region 1)

Assume that (1) holds with#
γ ¡ 1

2α and ζ ¡ 1
2 , if α P p12 , 1q Y p1, 2s,

γ ¡ 1�α
α and ζ ¡ 1

2 , if α P p0, 12q.

Then, pSnq0¤n¤N has endpoint fluctuations of order
?
N under PωN,βN ,hN

(i.e. ξ � 1
2), and we have the following convergence in probability

ZωN,βN ,hN
PÝÑ 1 .
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Theorem (Region 2)

pSnq0¤n¤N has endpoint fluctuations of order Nξ with
ξ � α

2α�1p1 � γq P p12 , 1q under PωN,βN ,hN , and we have the following
convergence in distribution

1

N
ξ
α
�γ logZωN,βN ,hN

dÝÑWR2 :� sup
u¤0¤v

!
β̂pXv � Xuq � I pu, vq

)
, (5)

where I pu, vq � 1
2p|u| ^ |v | � v � uq2 for u ¤ 0 ¤ v . Moreover, we have

that WR2 P p0,�8q, P-almost surely.

Let us stress that the case α � 2, β � βN � β ¡ 0 and h � 0 corresponds
to the case γ � 0 and ζ � �8: we find in that case that the endpoint
fluctuation exponent is ξ � 2

3 .
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ζ

γ

p 12 ,
1
2α q

R1

γ � p2α�1qζ�pα�1q
α

R2

p0,�α�1
α q

R3

p�1,�1q

γ � p2α�1qζ�pα�1q
3α

R5

R6
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γ � ζ
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α
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2

R2 : ξ � α
2α�1 p1 � γq

R3 : ξ � 1
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3

R6 : ξ � 0
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Theorem (Region 4)

pSnq0¤n¤N has endpoint fluctuations of order Nξ with
ξ � α

α�1pζ � γq P p0, 1q under PωN,βN ,hN , and we have the following
convergence in distribution

1

Nξ�ζ logZωN,βN ,hN
dÝÑWR4 :� sup

u¤0¤v

!
β̂pXv � Xuq � ĥpv � uq

)
. (6)

Theorem (Region 5)

pSnq0¤n¤N has endpoint fluctuations of order Nξ with ξ � 1�ζ
3 P p0, 12q

under PωN,βN ,hN , and we have the following convergence in probability

1

Nξ�ζ logZωN,βN ,hN
PÝÑ �3p4ĥπq2{3

8
� sup

r¥0

"
�ĥr � π2

8r2

*
. (7)
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Results in the case ĥ   0

HN :�
¸
xPZd

pβNωx � hNq 1xPRN
,

βN :� β̂ N�γ and hN :� ĥ N�ζ .

Energy and range both encourage outward, ξ ¥ 1{2.
Heuristics:

β

» MT

0
W pdxq � hMT � βpMT q1{2 � hMT

The endpoint behavior is at a speed hT , and T�1 logZT Ñ 1
2h

2.
Moreover,

1?
T

�
logZT � 1

2
h2T



u β

W pp0, hT sq?
T

.
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ζ

γ

p 12 ,
1
2α q

R1

γ � p2α�1qζ�pα�1q
α

R2

p0, 1�α
α q

R3

R̃4

R̃5

γ � ζ � α�1
α

R1 : ξ � 1
2

R2 : ξ � α
2α�1 p1 � γq

R3 : ξ � 1

R̃4 : ξ � 1 � ζ

R̃5 : ξ � 1

Figure: Phase diagram for ĥ   0, in the case α P p1{2, 2s.
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Theorem (Region R̃4: ξ � 1 � ζ P p12 , 1q)

lim
NÑ�8

1

Nξ�ζ logZωN,βN ,hN �
1

2
ĥ2, P̂-a.s.

Additionally, let us consider, for ε ¡ 0, the two events

B�,εN :�
!

sup
tPr0,1s

��N�ξSttNu � ĥ t
�� ¤ ε

)

Then for any ε ¡ 0, we have and P̂-a.s.

lim
εÓ0

lim
NÑ�8

Pω̂N,βN ,hN
�
B�,εN

� �
$'''''&
'''''%

1tX p1q

|ĥ|
¡X

p2q

|ĥ|
u if γ   1�ζ

α ,

exp
�
β̂X

p1q

|ĥ|

�
exp
�
β̂X

p1q

|ĥ|

�
�exp

�
β̂X

p1q

|ĥ|

� if γ � 1�ζ
α ,

1
2 if γ ¡ 1�ζ

α .
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Discussion

Heuristics:

β

» MT

0
W pdxq � hMT

If BT � hT � YT 2{3,

logZT � βW1phT � YT 2{3q � hphT � YT 2{3q � phT � YT 2{3q2
2T

� βW1phT q � βW2pYT 2{3q � 1

2
Y2T 1{3 � 1

2
h2T .

Thus,

logZT � 1

2
h2T � βW1phT q � T 1{3 sup

vPR

"
W2pvq � 1

2
v2
*
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Technical estimates

Lemma

If ξ P p12 , 1q then for any u, v ¥ 0 we have that

lim
NÑ8

� 1

N2ξ�1
log P

�
M�

N ¤ �uNξ;M�
N ¥ vNξ

	
� 1

2
pu^v �u�vq2 . (8)

Lemma

For any u, v ¥ 0, we have that

lim
NÑ8

� 1

N
log P

�
M�

N ¤ �uN;M�
N ¥ vN

� � κ
�
u ^ v � u � v

�
,

where κ : R� Ñ R� is the LDP rate function for the simple random walk,
that is κptq :� 1

2p1 � tq logp1 � tq � 1
2p1 � tq logp1 � tq if 0 ¤ t ¤ 1 and

κptq � �8 if t ¡ 1.
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Technical estimates

Lemma

Let pX p1q
v qv¥0 and pX p2q

u qu¥0 be two independent α-stable Lévy processes

and f : pR�q2 Ñ R be any function. Denote Ic,d
a,b :� rc, ds � ra, bs. Then

for any two disjoint rectangles Ic,d
a,b and Ic 1,d 1

a1,b1 , we have that

P

�
sup

pu,vqPIc,d
a,b

!
X
p1q
v �X p2q

u �f pu, vq
)
� sup

pu1,v 1qPIc1,d1

a1,b1

!
X
p1q
v 1 �X

p2q
u1 �f pu1, v 1q

)


� 0.

Uniqueness of the maximizer.
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Technical estimates

Lemma

Let Σ�
` :� sup0¤j¤` |Σ�

j | � sup0¤j¤` |Σ�
j | . Then, for α P p0, 1q Y p1, 2s,

there exists a constant c P p1,�8q such that for any T ¡ 0 and any ` we
have

P
�
Σ�
` ¡ T

� ¤ c `T�α . (9)

Also, P-a.s. there is a constant C � C pωq such that
Σ�
` ¤ C`1{αplog2 `q2{α for all ` ¥ 1.

Etemadi’s inequality.
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Technical estimates

Lemma

Let pαNptqqN¥1 be a sequence of càd-làg paths on r0,8q that converges
to a càd-làg path αptq for the Skorokhod distance d0 (cf. [?]). Suppose
that α is continuous at u. Then for any ε, δ ¡ 0, there exists
N0 � N0pu, ε, δq ¡ 0 such that for all N ¥ N0,

|αNpuq � αpuq|   ε, (10)

sup
vPru,u�δs

|αNpvq � αNpuq|   ε� sup
vPru,u�δ�εs

|αpvq � αpuq|. (11)
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Future works

Finite temperature: localized/delocalized

Strong disoder d � 2.

Diffusive phase for d ¥ 3.

Fluctuations of log ZN
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Discussion with directed random polymers

S � tSnun is a random walk. That is, S0 � 0 and Sn �
°n

j�1 Xj .
ω � tωpi , jqu is an i.i.d. environment under the law P. β ¥ 0.

dPN,βpSq
dP

� 1

ZN,β
exp

�
β

Ņ

j�1

ωpj ,Sjq
�

ZN,β � E pe
β

N°

j�1
ωpj ,Sj q

q.
strong disorder for all β ¡ 0 for d � 1, 2 and large β for d ¥ 3.

Random growth models: longest increasing subsequence, last passage
percolation, simple exclusion process, max eiganvalue of GUE, etc..
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d � 2

Continuous directed random polymers

Btupt, xq � 1

2
∆upt, xq � βu � 9W pt, xq, t ¥ 0, x P R2.

Continuous parabolic Anderson model

Btupt, xq � 1

2
∆upt, xq � βu � 9W pxq, t ¥ 0, x P R2.

Continuous disordered range model

Btupt, xq � 1

2
∆upt, xq � βu � 9W pxq, t ¥ 0, x P R2.
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